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1. Introduction
We start with following notations. The class of maps that are holomorphic on
the unit open disk A ={(: ¢ € C with |¢| <1} and of form

h¢) = ¢+ ) ad (1.1)
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is denoted by 2. The subclass of all functions of 2 that are univalent in A is
denoted by §. The Koebe }l theorem [9] confirms that the image of A under each
univalent function A € 2 contains a disk of radius %. Therefore, any univalent
function h has an inverse h™! satisfying h=*(h(¢)) = ¢, ¢ € A and

1
) =a (<), 2 7)),
where
7()\) = h_l()\) =\— QQ)\Q + (QGS - CL3))\3 - (5&3 — basas + a4))\4 + ... (12)

A function h € 2 is said to be bi-univalent in A if A and h~! are univalent
in A. Let X denote the class of bi-univalent functions defined in the unit disk A.
The class of holomorphic bi-univalent functions was first presented and studied by
Lewin [13] who proved that |as| < 1.51. Later, Brannan and Clunie [5] improved
Lewin’s result to |ag| < V2.

A function is called a p-fold symmetric if it has the form

h(()=C+ > apnl™™, (eApeN. (1.3)
=1

We denote by S, the class of p-fold symmetric univalent functions in A. Each
bi-univalent function generates an p-fold symmetric bi-univalent function for any
integer p € N. The normalized form of h is given as in (1.3) and the series expansion
for h=!, which was recently proven by Srivastava et al. [20], is given as follows:

YA =hHA) = A= apu N+ [(p+ Dag g — azp] A=

1
[—(p +1)3p +2)a, .y — (3p +2)ap 1102541 + aspH] DN S

2
(1.4)
where h™ = v, we denote by X, the class of p-fold symmetric bi-univalent functions
in A.
Examples of p-fold symmetric bi-univalent functions are

p : 1 1 o\ 7 1
<1ECP) ’ [§log(1i_§p> ]7 [—log(l—CP)]P

and the corresponding inverse functions are

AP , eV —1 , N —1 ,
(%) (1) (%)
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Brannan and Taha [6] and Taha [21] considered certain subclasses of bi-univalent
functions formed by strongly starlike, convex, and starlike functions. They pre-
sented bi-convex and bi-starlike functions, as well as found non-sharp estimates
for the coefficients |as| and |as|. Nowadays, many authors introduced and studied
bounds for various subclasses of bi-univalent functions ([4, 2, 3, 8, 15, 17, 10, 12,
1, 11]). For two regular functions h and 7 in A, the subordination between them
is written as h < . The function h(() is subordinate to v(¢) if there is a Schwarz
function G with G(0) =0, |G(z)| < 1, for all ¢ € A, such that h(¢) = v(G(¢)) for
all ( € A.

Motivated by the previously published works and Rosihan et al. [1], in the
next section we introduce new subclasses of bi-univalent functions Hs,(¢) and
STs,(n,1). Let ¢ be a holomorphic function with positive real part in A such
that ¢(0) =1, (0) > 0 and ¥(A) is symmetric with respect to real axis. Such a
function has the form

() =1+ &+ EC+EC+ ., (6>0). (1.5)
Lemma 1.1. [16] If the function p € P is given by the series
p(Q) =1+ el + el + o+ . (1.6)
then
lenl <2 (n=1,2,..).
2. Main Results

Definition 2.1. Let h € ¥,. Then h € Hx, (¢) if it satisfies the condition
W'(C) = ¥(C) and 7'(A) < ¥(A), where y(A) = h™1(N).
Theorem 2.2. Let h € Hx, (¥) and given by (1.8). Then

4y < v
VI +1D2p+ D& +2(p + 1)%6 — 2(p + 1)2&|

(2.1)

and

& &

+ .
20+1)  2(p+1)
Proof. Let h € Hy, () and v = h~'. Hence there are regular functions @, ¥ :
A — A, with &(0) = ¥(0) = 0, satisfying

W(Q) =¢(®(2)) and g'(A) = (¥ (X)), (2.3)

|agp11| < ( (2.2)
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Define the functions p; and py by
P1(Q) = Tatg = 14,07 +¢2,0* + .. and pa(C) = T = 14,07 + b (¥ + ..,
or, equivalently,

_pl(C)_l_l p _C_/Q) 2p
() = (O 112 (CpC + (e2p 5 )¢+ ) (2.4)
and - )
p2(C 1 P _ _12’ 2p
W) = B = 5 (04 = D). (25)

Obviously that p; and p, are regular in A and p;(0) = p2(0) = 1. Since py, ps € P,
Therefore |b;| < 2 and |¢;] <2, (i € N).
Now, by substituting from (2.4) and (2.5) into (2.3), and using (1.5), we get

Pl(o - 1)
Q) +1

= ( oGP+ C2pC% 4 €3,C% + ... >
2+ bpCP + by C20 + by, Co + .

W) = (

1 1 c?

=9 [5%0 + 5(% — 5”)4“2’) + §(c3p — CpCop + %)C‘”’P + ]
Mgy F% L)+ 8 } ¢
+ [%(Cg,p — 0o, + % + %(@p ; ) §a6 } ¢34 (2.6)
and
Y (A) =4 (%) =1+ %&bPAH (%& (bgp — g) + 76 62) NP (2.7)

Since h € Y is given by (1.3), therefore its inverse v = h™! has the expansion
YA) =h7 A = A= ap M+ [(p+ Dal ) — agpn] X —

Since
W) =14 (p+1)apC” + (2p+ 1)ag,t1¢* + ...  and
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YN =1=(p+1)ap1 N+ (2p+ 1) [(p+1)a2,; — azp1] A? + ..., it follows from
(2.6) and (2.7) that

(0 + Dy = 22 2.5)
(2p 4 1)ags1 = 51 =5 )+ (2.9)
b

~(p+ Dape = 22, 2.10)

and

6 b2 §2b2
(2p+1) [(p+1)az,, — aspia] = 51 bop = 5 |+ (2.11)
From (2.8) and (2.10), we obtain

¢, = —b,. (2.12)

and

2(.2 + bQ

20 Gile, +5,) (2.13)

p+1 — Ap+1)2°
By combining the equations (2.9) and (2.11) and using (2.13), we obtain

a2 = 5? (cap + bap)
P20+ 1) [(20+ )62 = 2(p+ D)6+ 2(p+ D&

Using Lemma 1.6 for the coefficients by, and cy,, we get
3
+1] =
T VI D)@+ D) 200+ 1% + 2(p + 1)2] |

Hence we get the inequality (2.1). Now, by subtracting (2.11) from (2.9) and from
(2.12), we have ¢, = b2, hence

1 1
= — —-b
A2p+1 A(2p + 1)51<02p 2p) + 8(p+1)

(&)
Using (2.13) and Lemma 1.6 for the coefficients by, and cs,, we obtain

&1 &
a < + .
lazp41] < (2p+1)  2(p+1)
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Which completes the proof.
As p =1, we get a result, presented by Rosihan et al. [1].

Corollary 2.3. Let h € Hx(v) and given by (1.1). Then
53
lag| < L

VI36F — 48 + 444

Definition 2.4. A function f € X, is belong to the class STs,(n,v), n > 0, if the
following subordinations hold

2
and |az] < & + %1 (2.14)

Ch'(¢) | nC?h"(Q)

TG I e
and

M (A) | A" (N) < w0 (heA)

7(A) 7(A)
where y(\) = h™1()\).
Theorem 2.5. Let h given by (1.8) be in the class STx,(n,v). Then
&
\/’ [+ 20(1+ p)al&f + (& — &) [1+ (1 + p)a]

|apa| < (2.15)

2

and

(p+ D&+ & — &l]
202[142(p+1)a]

Proof. Let h € STy, (n,v). Hence there are regular functions ®, ¥ : A — A, with
®(0) = U(0) = 0, satisfying
Q) | Q)
h(¢) h(¢)

|azp41] < (2.16)

= P(2(C)), Ce4,) (2.17)

and
M) A
() ()
where v(\) = h~1(\). By (2.17), we have

= (V(N)), (AeA,) (2.18)
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C+ (p+ 1)1+ ap)a,i "™+ (2p+ 1)(1 + 2np)ag,1 ¢ + ... =

2
{1 + %glc,,gp n Ggl (c2,, - %) + }lwﬁ) ¢ }

{C + ap+1cp+1 + a2p+1<=2p+1 + }

By equating the coefficients on both sides we obtain

lp +p(1+ p)n] Apy1 = % (2.19)

1 AN
{2/) +2p(1 + 2/))77} Azp1 — [p +p(1+ p)n} ah = 55 <c2,, - 5”) + Zészi- (2.20)
Also, from (2.18), we have

)\—(p—i—l)(1+17p)ap+1)\r°+1_|_(2p+1)(1+277p)((p+1)az+1—a2p+1))\2p+1+... —

1 1 bz 1 2 2p
1+ églbp)\ + 551 bap — 5 + ngbp AP+

{/\ = ap N+ [(p+ Dagp + 1) = agped [N+ }

By equating the coefficients on both sides we obtain

&b
—[p+p(1+p)n} py1 = % (2.21)
2 1 AR
p2p+1)+p(p+1)(4p+1) @y =2 | p+p(2p+1)0 | azpr1 = 561 | bop — 5 |+ 7820
(2.22)
From (2.19) and (2.21), we obtain
¢, = —b,. (2.23)
and
2(.2 + bZ
20> Gile, b)) (2.24)

+1 = :
P 4p+ plp + D))
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By combining the equations (2.20) and (2.22) and using (2.24), we obtain
2 & (bap + 2p)

E 4p? KP +2p(p + 1)??) SENGEES ((1 Tl 1)77)2] .

Using Lemma 1.6 for by, and cy,, we have
&
5
Kp +2p(p + 1)n) &+ (& — &) ((1 +(p+ 1)77) }

| <

p?

Since & > 0, the inequality (2.15) obtained from the last inequality. Now, by
subtracting (2.22) from (2.20) and from (2.23), we obtain ¢ = b2, hence

& {((1 +2p)+ (1+p)(1+ 4p)77>02p + (1 +(1+ p)n) bQ’J}

Q31 = 47 [1 1+ 2p)77)} {1 21+ p)ﬁ}

N (1+p)b3(&2 = &)

8p? [1 +2(1+ p)n] |

Using (2.24) and Lemma 1.6 for the coefficients by, and cs,, we get

(14 p)[& + & - &l]
2p2[1+2(1+p)ny]

lagp1] <

This is the requirement inequality in (2.16).
As p = 1, we obtained a result, presented by Rosihan et al. [1].

Corollary 2.6. Let h given by (1.1) be in the class STx(n,v). Then

3
2
|a2| < 51

< \/I [(1+40)€2 + (& — &)(1 + 2n)?] .

and

§1+|52—f1"

a2l <
s < (1+4n)
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As p =1 and for n = 0, we obtained the Ma-Minda’s coefficient estimates for
bi-starlike functions.

Corollary 2.7. Let h given by (1.1) be in the class ST (). Then

3

2

las| <

S
Vg + @ -gl
and
las| < & +1& — &l

Definition 2.8. A function h € ¥, is said to be in the class Msx,(n,), n >0, if
the following subordinations hold

- o1+ 58 ) < v, cea)
and
M) M"(N)
(1—mn) ey +77(1+ oY ) < P(N), (Ae A)

where y(A) = h™1(\).
Theorem 2.9. Let h given by (1.8) be in the class Ms,(n,v). Then

YESH —. (2.25)
\/ ] (@ p+ et + 206 - &) (14 0)

|aps1] <

and

((B3p+ 1)+ p*Bp+5)n) [&1 + &2 — & |

lagpi1]| <
o 20(p + 1)(1+ p2n)(1 + 2p1)

(2.26)
Proof. Let h € My, (n,v). Hence there are regular functions &,V : A — A, with
®(0) = ¥(0) = 0, satistying

1-nSs +a(1+ G ) = v ced) )
and
N WY
(=m0 +n(1+ 0 ) — G(T(N)), (Aed,) (228



164 South FEast Asian J. of Mathematics and Mathematical Sciences

where y(A\) = h~1()\). By (2.27), we have
e {(2(1+29)+4np2)a2p+1+(p2+2p+1)a’2)+1} GaRE

2
_ {1 v %gcpgﬂ n (%gl (c2p - %) + 352(:,2) ¢ }

{C +(p+2)ap 1P+ [(p+ 1)a’ g +2(p+ L)age1] P + }

By equating the coefficients on both sides we get

&ic
(p+np")ap1 = % (2.29)

2
%

1 1
2p [1 + QTIP] azpt1 — P [1 +p(2 + P)U] g = 541 <C2p - 5) + Z&C,Q)- (2.30)

Also, from (2.28), we have

A— {2(1 +p) +an] ap N+ {(p+ 1) [(5p+3) +4np2} appy —2 {(2p+ 1)2np2] azpt1 }/\2”“ +.

1 , 1 b2 1.5\ (2
= 1+§§1bp)\ + 551 bzp—E +Z§2bp AP+ .

{)\ —(p+2)ap i MH 4 [(P +1)(2p+3)azy —2(p + 1)a2p+1:| P }
By equating the coefficients on both sides we get

by

5 (2.31)

—(p+np*)ap1 =
2

1 b 1
{(QPJF 1) +02(20+3)77} s, —2p {1 +277P} azp+1 = 561 (b2p - Ep) + Ziébi- (2.32)

From (2.29) and (2.31), we obtain
. (2.33)

and

(2.34)
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By combining the equations (2.30) and (2.32) and using (2.34), we obtain

2 _ 5% (b2p + CZp)
P 2(p 4+ 1) (1 + np?)eE + 4p2 (6 — &) (1 +p)?

Using Lemma, 1.6 for by, and cy,, we obtain
2¢}
(p+ 1)(L+np?)&t +20%(& — &)(1 +np)?

a

‘ai-&-l’ < '

Thus we get the result (2.25).
Now, by subtracting (2.32) from (2.30) and from (2.33), we obtain ¢ = b2, therefore

5 [((2/) +1) + p*(2p + 3)n) Cap + p(l +plp+ 2)'/?) bzp}

2(p + 1)(1 + p*n)(1 + 2pn)

A2p4+1 =

b(&2 — &) [(SP +1)+p*Bp+ 5)77}
8p(p + 1)(1 + p*n)(1 + 2pn)
Using (2.34) and Lemma 1.6 for the coefficients by and ¢, we get
((Bp+1)+p*(Bp+5)n) [&1 + 16 — & ]
2p(p + 1)(1 + p*n)(1 + 2pn) '

which completes the proof.
As p =1, we have a result, presented by Rosihan et al. [1].

Corollary 2.10. Let f given by (1.1) and belongs to the class Mx(n,v). Then

Ve |
VI +me + & - &)1+

|a2p+1| <

las| <

and

&+ & — &
(L+mn)

As p=1and n =1, we get the Ma-Minda’s coefficient estimates for bi-convex
functions, however if n = 0, we obtained the Ma-Minda’s coefficient estimates for

las| <
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bi-starlike functions.

Corollary 2.11. Let h given by (1.1) be in the class CVx (). Then

and

1]

3
2

g
V2168 + 26— 26

las| <

sl < (6 + I — &),
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